We investigate the graviton propagator in the type IIB supergravity background which is dual to 4 dimensional noncommutative gauge theory. We assume that the boundary is located not at the infinity but at the noncommutative scale where the string frame metric exhibits the maximum. We argue that the Neumann boundary condition is the appropriate boundary condition to be adopted at the boundary. We find that the graviton propagator behaves just as that of the 4 dimensional massless graviton. On the other hand, the non-analytic behaviors of the other Kaluza-Klein modes are not significantly affected by the Neumann boundary condition.
Introduction
One of the important questions in string theory is to identify the fundamental building blocks of spacetime. Although the traditional geometric picture is suited for the closed string sector, closed/open string duality suggests that a microscopic description of spacetime may be constructed in terms of branes. It is certainly conceivable that a macroscopic spacetime emerges out of a certain brane system. We hope that such a question can be addressed in matrix model formulations of string theory [1, 2] .
As a concrete example, we investigate the 4 dimensional noncommutative spacetime which can be regarded as a classical solution of IIB matrix model. By expanding IIB matrix model around such a noncommutative background, 4 dimensional noncommutative gauge theory with maximum SUSY is obtained [3, 4, 5] .
The gauge invariant observables in noncommutative gauge theory are the Wilson lines [6, 7, 8] . We are most interested in the BPS operators since they couple to the supergravity degrees of freedom [9, 10] . In ordinary gauge theory, the correlation functions of these operators in the real space decay in accordance with their canonical dimensions. The characteristic feature of noncommutative gauge theory is the UV-IR mixing effect which takes place in the non-planar contributions [11] . In noncommutative gauge theory, the correlators consist of the planar and non-planar contributions even in the large N limit. It has been found that such an effect takes place in the two point correlators [12, 13] .
It is natural to expect that these features of the correlation functions can be described holographically in terms of supergravity [14, 15] . In string theory, the short distance regime in the open string sector is mapped to the long distance regime in the closed string sector.
That is why the local operator in gauge theory is assumed to be located at the boundary of AdS 5 where the metric diverges in AdS/CFT correspondence [16, 17, 18] . In the case of noncommutative gauge theory, the noncommutative scale sets the minimum length scale.
In fact the string frame metric of the supergravity background exhibits the maximum at the noncommutativity scale. It is consistent with the fact it is not possible to construct more localized states than the noncommutative scale. From these considerations, there has been a proposal to locate the Wilson line operators at the maximum of the string frame metric [19, 20] .
In this paper, we further investigate this proposal. We argue that it is natural to adopt the Neumann boundary condition for the propagators in this proposal. With such a prescription, we find that the graviton propagator exhibits the 1/p 2 type pole signaling the existence of 4 dimensional massless gravitons just like in the Randall-Sundrum model [21] . After the introduction, we briefly recall the Wilson loop correlators in noncommutative gauge theory in section 2. In section 3, we investigate the propagators of graviton and Kaluza-Klein modes in our prescription. We conclude in section 4 with discussions. In Appendix, the propagators of the Kaluza-Klein modes are examined in detail.
Wilson line correlators in noncommutative gauge theory
In this section, we briefly recall the correlators of the Wilson lines in noncommutative gauge theory. We may compactify the noncommutative spacetime R 4 into the 4 dimensional fuzzy homogeneous spaces G/H in order to regularize the correlators. Noncommutative gauge theories on the compact homogeneous spaces G/H are derived from matrix models [22, 23] .
They are described by N × N Hermitian matrices A µ where the matrix size N is finite.
Quantum corrections in gauge theories on these spaces are investigated in [24, 25, 26, 27, 28] . The symmetric trace of the operators on a compact space is defined as
2)
The operators with this ordering naturally appear in the construction of the BPS operators [9] .
The two point functions of the graviton type vertex operators are investigated in [12] . The leading nonanalytic behavior, which comes from the ultraviolet contribution, is found as
where we suppressed the Lorentz indices and fermionic terms. We have further shown that this behavior is universal with respect to the choice of G/H.
We can also estimate the infrared contributions to the correlators. For the operator of dimension ∆ = 4, including the graviton mode, we obtain the nonanalytic behavior as
This is identical to those of conformal field theory. Other gauge invariant operators with ∆ = 4 are, for example,
where Z is a complex field such as Z = A a + iA a+1 . a runs over the directions transverse to G. On CP (2), a = 8, 9 and on S 2 × S 2 , a = 6, 7, 8, 9. These operators correspond to the Kaluza-Klein modes and are part of the supergravity modes. Although they are no longer BPS operators off-shell, their renormalization effects are finite as long as they carry finite momenta [13] . These operators (2.5) do not exhibit a nonanalytic behavior which is peculiar to noncommutative gauge theory, since the trace in these operators is not the symmetric ordered one but the ordinary one 4 . Other operators with ∆ = 4, such as
also have no nonanalytic ultraviolet contributions specific to noncommutative gauge theory.
We need more than two sets of commutators of A in order to have the nontrivial effect from the symmetric trace. Thus, we conclude that, in the gauge invariant ∆ = 4 operators, only the graviton type operators have the nonanalytic behavior of 1/k 2 .
We have also estimated the infrared contributions for the operators which have higher dimensions ∆ > 4. The Kaluza-Klein modes receive the following infrared contribution
An interesting behavior is seen in the operators which do not belong to the supergravity multiplet. For example, the operators with dimension ∆ receive the infrared contribution such as
while they seem to receive the ultraviolet contribution as follows
This behavior might lead to some confinement mechanisms for these modes.
Dual description in supergravity
In this section, we investigate the graviton propagators and Kaluza-Klein modes in a dual supergravity. The supergravity solution which is dual to the d = 4 euclidean noncommutative Yang-Mills theory is associated with nonvanishing Neveu-Schwarz-Neveu-Schwarz B fields [14, 15] . In the low energy limit, the metric is written as
where x = (x 0 , x 1 , x 2 , x 3 ) are the coordinates in the 4 dimensions parallel to the brane.
The parameter R is related with the rank of the gauge group N and string coupling g as R 4 = 4πNg. a depends on the NS-NS B field as
By putting,
and redefining the coordinate as
we obtain
where we put α ′ = 1. Other fields are expressed as
where C denotes the R-R fields and F denotes RR 5-form field strength.
The ordinary AdS space is obtained by taking the commutative limit R → ∞. Then, the parameter R becomes the radius of the AdS space. Since this background is considered to describe the strong coupling region of noncommutative Yang-Mills, it is very useful to investigate various physics with noncommutative properties. For example, in [32] , GregoryLaflamme instability [34, 35] for D0-D2 bound state in the black hole formation process is discussed by investigating the thermodynamics in the decoupling limit of near-extremal D0-D2 system. The relation between this instability and noncommutativity (matrix model) is discussed in [33] where a fuzzy horizon emerges through a gravitational collapse, which is a strong coupling phenomenon.
Anyway, to investigate the noncommutativity in string theory more deeply, it is essential to clarify the exact correspondence between the bulk theory and boundary theory. The guiding principle to connect these theories could be inferred from the ordinary AdS/CFT
correspondence. There the correlators in the boundary theory (CFT) are essentially given
by the boundary to boundary propagators in the bulk theory [17, 18] . With respect to the IR contributions, they should be smoothly connected with each other. Other guiding principle, which we adopt in this paper, is to reproduce the behavior of the UV origin in noncommutative gauge theory, that is, the behavior (2.3) which is obtained in [12] . This behavior need not to be smoothly connected to that of commutative gauge theory since this is a specific effect in noncommutative gauge theory.
Our strategy is as follows: We aim to find the prescription which i) is smoothly connected with that in the ordinary AdS/CFT correspondence with respect to the infrared contributions and ii) reproduces the ultraviolet contributions which is specific to noncommutative gauge theory due to UV/IR mixing effect.
The ambiguity of the prescription is where and how we should impose the boundary condition for the Green functions, which is closely related with the question where the brane exists in this background. The coordinate r in AdS space corresponds to a length scale in the dual gauge theory. Since we consider the noncommutative gauge theory, the minimum length scale is the noncommutative scale. Thus, we do not need to impose the boundary condition at r = ∞, rather, a natural idea is that we impose the boundary condition at the characteristic scale in the background (3.5) , that is, r = R. In order to observe why r = R is the characteristic scale in this background, we introduce the coordinate system which is conformally flat in the five dimensional subspace ( x, ρ),
where
We find that A(ρ) has the maximum at ρ = 0 (r = R) [19, 13] .
Solutions
Let us recall [29] , which is relevant to the solutions of a scalar mode in this background.
Equation of motion for a scalar (and graviton) field ϕ becomes under the background (3.5) and (3.6) as 1
It is explicitly written as
which denotes the momentum along the brane andL 2 is the Laplacian on S 5 . The eigenvalue of LaplacianL 2 is −l(l + 4) where l = 0, 1, 2, · · ·. Then, for the l-th partial wave on S 5 , we
The S wave on S 5 with l = 0 corresponds to massless gravitons. By changing the valuables as
the differential equation becomes
Thus, the Mathieu's modified differential equation is obtained. In ordinary AdS/CFT, l is related to the dimension of the operator ∆ in the dual gauge theory as ∆ = l + 4.
Two independent solutions of this equation (3.14) are known as
where H (i) denote the Mathieu functions. The Floquet exponent ν is written in terms of the
. It is related with l as ν = l + 2 in the small momentum limit. The explicit expressions for ν with l = 0, 1, 2 are written as
Graviton modes
The S wave is described by the corresponding Floquet exponent as
This mode corresponds to massless gravitons. According to ordinary AdS/CFT, the Green function in the bulk plays an important role to investigate the correspondence between the bulk theory and boundary gauge theory. The Green function which is not divergent anywhere in the entire region 0 < r < ∞ is known as [30] G(r, r
where the normalization values A and C are determined by the asymptotic behaviors z → −∞ and z → ∞ of the solution 1 r 2 H (1) (ν, z) [29] . For the S wave, they are
A meromorphic function φ(z) is defined as 20) where r ≡ (l + 2)/2. This Green function behaves as k 4 logk for small k and does not exhibit the 1/k 2 behavior which is found in dual noncommutative gauge theory due to UV/IR mixing effect. Even if we estimate the boundary contribution, we cannot reproduce such a behavior.
Thus, we propose a new prescription which is different from the proposal by Maldacena and Russo [15] .
First of all, we consider the region 0 < r, r ′ < R . In this region, the solution 
where x is a constant to be determined by imposing a boundary condition. Although the
, we allow the existence of this term since we consider the Green function in the finite r region.
Next, we impose the boundary condition at r = R and r ′ → 0 as
The equation (3.9) is consistent with either Neumann or Dirichlet boundary condition at r = R if we assume that it comes from the following action.
We need to adopt the Neumann boundary condition since the Dirichlet boundary condition gives the vanishing boundary to boundary propagator. This boundary condition is smoothly connected with the ordinary AdS/CFT prescription [17, 18] in the commutative limit as it will be shown later.
In what follows, we estimate the non-analytic behavior of the Green function which determines the long distance behavior of the propagators under the Neumann boundary condition. H (i) are related with Floquet solutions J(ν, z) as 25) and J(ν, z) is expanded in terms of Bessel functions as
The explicit form of J(ν, z) is calculated as 27) where χ 0 is the leading order of the expansion of χ with respect to λ = kR 2 as
H (1) (ν, z) and H (2) (ν, z) can be expanded as follows using the relation (3.25)
where C 0 and A 0 are the leading order in the expansion of C and A with respect to the momentum k
Note that there are no terms containing log k up to this order. Such terms emerge in the next leading order. Thus, the boundary condition (3.23) determines x as
In this way we find that the Green function for the small momentum behaves as
We have obtained the nonanalytic behavior of 1/k 2 . Such a contribution comes from the term 1 r 2 r ′ 2
H
(1) (r)H (1) (r ′ ), (3.33) which is dominant in r ∼ R region. Thus, we interpret that this term represents the ultraviolet contribution, which has been found in the Wilson line correlators (2.3) in the dual noncommutative gauge theory. Note that the leading term of H (1) (r) is O(r 2 ) so the corresponding classical solution is O(1) to the leading order. The leading contribution vanishes when we impose the Neumann boundary condition since we take the derivative with respect to r. It is the reason why we obtain the 1/k 2 type propagator in the end. This effect is specific to the graviton type propagator and does not take place in other Kaluza-Klein modes. The infrared contribution k 4 log k, which is considered to come from small r region, is the same with that of the ordinary AdS space. We will discuss the infrared behavior in a commutative limit later.
Kaluza-Klein modes
We will analyze the Green functions for the higher partial wave modes. First, let us consider the Floquet exponent ν as 34) which corresponds to the first excited partial wave mode. The Green function is written as
We impose the Neumann boundary condition (3.23) to this Green function. x is determined by the boundary condition as
The leading nonanalytic contribution of Green function is obtained as
A detailed calculation is given in Appendix. k 6 log k comes from the both terms in the propagator. This result implies that the leading nonanalytic behavior is due to both ultraviolet and infrared contributions. In the dual noncommutative gauge theory, Wilson line correlators with dimension ∆ = 5 operator behaves as k 6 log k, which is seen in (2.7).
Similarly, the Floquet exponent for the second level partial wave is given by
By imposing the Neumann boundary condition, we obtain
The leading nonanalytic contribution of the Green function is obtained as
A detailed calculation can also be found in Appendix. This behavior comes from both ultraviolet and infrared contributions. The corresponding operator ∆ = 6 in the dual gauge theory behaves k 8 log k, which is seen in (2.7).
Commutative limit
We will consider a commutative limit for the Green function. The background approaches to AdS 5 × S 5 in the limit R → ∞ in (3.5). As the position of the boundary R goes to infinity, our prescription smoothly goes over to that for the ordinary AdS/CFT as shown below.
In the finite r region, the two independent solutions satisfy 1
For the propagator dual to a ∆ = 4 operator, such as the graviton propagator, the coefficient x has been determined by the Neumann boundary condition as
For this operator, in the momentum region,
Thus, the dominant part of the Green function which is well-defined in the bulk is written
One can confirm that the nonanalytic behavior of this Green function becomes k 4 log k, which is consistent with that in conformal field theory. For ∆ > 4, we can also consider the commutative limit and obtain the identical behavior with that of conformal field theory by a similar discussion.
Conclusion
We have investigated the Green function of the graviton mode in the type IIB supergravity background which is dual to noncommutative gauge theory. We have shown that the leading nonanalytic term which comes from the ultraviolet contribution behaves as 1/k 2 by imposing the Neumann boundary condition on the Green function. This contribution comes from the UV region which may be identified with a characteristic effect seen in noncommutative gauge theory. This behavior is also seen in the graviton type Wilson line correlators in the dual noncommutative gauge theory. Thus, we have confirmed the existence of massless graviton on the noncommutative space from the viewpoint of dual supergravity picture. In our analysis, we have required the following two conditions to fix our prescription; namely i) it is smoothly connected with that in the ordinary AdS/CFT correspondence with respect to infrared contribution and ii) reproduces the ultraviolet behavior which is seen in noncommutative gauge theory due to UV/IR mixing effect. The condition i) has determined the normalization factor C/A and condition ii) has determined x, which is the relative coefficient of two independent solutions. In this way, we have determined the complete Green function. We have also investigated Green functions of the operators with dimension ∆ = 5, 6
with the Neumann boundary condition, and confirmed that there is no contribution which is specific to noncommutative gauge theory. This is consistent with the dual noncommutative gauge theory since ∆ = 5, 6 operators which are included in the supergravity modes exhibit k 2∆−4 log k dependence from the infrared contribution, which is identical with commutative gauge theory.
The adoption of the Neumann boundary condition on the propagator at r = R is forced on us since the Dirichlet boundary condition leads to the vanishing boundary to boundary
propagators. The remarkable outcome of our prescription is the existence of 4 dimensional gravity which is consistent with the Newton's law a la Randall-Sundrum. A Green function of ∆ = 5, 6 modes
The first order partial wave is described by the Floquet exponent ν as
For this mode, C and A are expanded by λ = kR 2 as
Since we focus on the leading nonanalytic contribution, we collect not only the terms in the leading order of k but also those in the leading order of logk, even if they are not in the leading order with respect to k. Then, J(ν, z), J(−ν, z), H (1) (ν, z) and H (2) (ν, −z) are calculated as We determine x ∼ −1 from the boundary condition (3.23 
